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■ In this contribution we discuss our current understanding of instanton effects in 
' the large Nc hmit of QCD. We argue that the instanton hquid can have a smooth 

large Nc limit which is in agreement with scahng relations derived from Feynman 

, diagrams. We also discuss certain limits of QCD, like the case of high baryon 

■ density, in which the Witten-Veneziano relation can be derived from QCD and is 
■*>^ ' saturated by instantons. 

iu 



1. Introduction 



In the limit in which the masses of the hght up, down and strange quarks 
are taken to zero, and the masses of the heavy quarks are taken to infinity 
. QCD is a parameter free theory. This is one of the aspects of QCD that 

^ I make it such a beautiful theory, as it implies that all dimcnsionful numbers, 

like the masses and radii of hadrons, can be expressed in terms of a single 
dimcnsionful quantity, Aqcd- It also implies, however, that there is no 
expansion parameter that can be used to perform systematic calculations. 

Many years ago 't Hooft suggested to consider the limit in which the 
number of colors, A^c, is large and to use 1/Nc as an expansion parameter-"^. 
In order to keep the QCD scale parameter fixed we have to take the iVc — > cxd 
limit with the 't Hooft parameter A — g^Nc constant. In the large Nc 
limit the perturbative expansion in Feynman diagrams is replaced by an 
expansion in the genus of the two-dimensional Riemann surface spanned 
by the diagrams. This result fits very well with the idea that the large 
Nc limit of Yang-Mills theory is equivalent to a string theory. For = 4 
SUSY Yang-Mills theory an explicit realization of this idea is provided by 
the AdS/CFT correspondence, but in the case of QCD the precise form of 
the string theory is not known. 

An interesting problem arises if we consider the fate of the axial anomaly 
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Figure 1. The diagrams on the left and right show the large Nc scaling of typical 
diagrams that contribute to the topological charge correlator in pure gauge QCD and in 
QCD with light fermions. 



in the large Nc limit. For this purpose we add a 9 term 

to the QCD lagrangian. The 9 term is a total derivative and in perturbation 
theory physics is independent of 9. Witten suggested that non-perturbative 
effects generate ^-dependence in the pure gauge theory and that the topo- 
logical susceptibility, 



Xtop - 



(2) 



is 0(1) in the large iVc limit^'^. This suggestion was originally based on 
the fact that perturbative contributions to the topological charge correlator 
scale as in the large limit, see Fig. la. Recently, Witten provided ad- 
ditional evidence for this conjecture using the AdS/CFT correspondence^. 
The scaling behavior xtop ~ ^'Iso observed in lattice simulations of 

pure gauge QCD for^ TVc = 2, . . . , 6. 

Naive Nc counting implies that the contribution of fermions to Xtop is 
subleading in 1/iVc. We know, however, that there is no 6'-dependence in 
QCD with massless fermions. This implies that the topological susceptibil- 
ity receives a contribution related to fermions that cancels the pure gauge 
result, see Fig. lb. Witten argued that this apparent contradiction can be 
resolved if the mass of the ry' meson scales as Nc in the large Nc limit. 
Witten and Veneziano derived a relation between the mass of the r/' and 
the topological susceptibility in pure gauge theory^'^''"'^ 

=2A^FXtopLo ,„„,fc,- (3) 
Using Xtop = 0{1) and = 0{Nc) we observe that indeed m^, = 0{1/Nc). 



Februciry 2, 2008 1:45 Proceedings Trim Size: 9in x 6in 



trento'nc'rev 



3 



The 6'-dependeiice of vacuum energy is related to topological propcrtic^s 
of QCD. In the semi-classical approximation these features can be described 
in terms of instantons. Instantons are localized field configurations that 
carry topological charge^ 



If the coupling is small then the density of instantons scales as 
exp(— STT^/g^). In this limit instantons form a dilute, weakly interacting 
gas. The topological susceptibility is 



where N — iV_|- + is the number of instantons and anti-instantons 
and V is the volume. In 1978 Witten pointed out that this result implies 
that the contribution of instantons to the topological susceptibility scales 
as exp(— l/^f^) exp(— A^c) which seems to contradict the assumption^ 



This argument is a little oversimplified, since instantons in QCD come 
in all sizes, and only small instantons are exponentially suppressed. We 

will come back to this problem in Sect. 4. Before we do so, we would 
like to comment on phenomenological consequences of equ. (5). Using the 
experimental values of /tt and m,,/ the Witten- Veneziano relation implies 
Xtop — (200 MeV)"* for Nc = 3. If the topological susceptibility is sat- 
urated by a dilute gas of instantons, this value corresponds to a density 
{N/V) ~ 1 fm^**. An estimate of the typical instanton size can be obtained 
by using the perturbative instanton size distribution and integrating it up 
to the phenomenological value of (N/V). This leads to a value of p ~ 1/3 
fm. These two numbers form the basis of a successful picture of the QCD 
vacuum, usually called the instanton liquid model^°'^^'^^. The instanton 
model not only accounts for topological properties of the QCD vacuum, 
but also describes chiral symmetry breaking and the correlation functions 
of light hadrons^^'^'^'^^. 

Topological properties of the QCD vacuum have also been studied in 
lattice QCD. It was found that the topological susceptibility in pure gauge 
QCD is^^ Xtop — (200 Me V)'', as predicted by the Witten- Veneziano rela- 
tion. It was also observed that the topological susceptibility is stable under 
cooling, and appears to be dominated by semi-classical configurations. Lat- 
tice simulations also seem to confirm the values of the key parameters of 
the instanton liquid^^, {N/V) ~ 1 fm^^ and p ~ 1/3 fm. 





Xtop = ,lim 



(Qlp) N 
V V 



(5) 



Xtop = Oil). 
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2. Instantons cind the Witten-Veneziano relation 

Before wc discuss the Nc scaling behavior we would like to study the mecha- 
nism for topological charge screening and the mass of the 77' in the instanton 
model. We will assume that instantons are small, pAqcd ^ 1, and that 
the instanton liquid is dilute, p^N/V <^ 1. As we shall see below, these 
assumptions can be rigorously justified in the case of QCD at large baryon 
density. At zero density, however, this is a model assumption. 

The partition function of the instanton ensemble can be written 

asl8,19,20 

+ N+ + N^ 

^= E TfcwT n d\e.pi-S.,f). (6) 

where is the partition function of a single instanton and the effective 
action is given by 



Seff =ij (fx ^^r?oQ + j d^xLirjo, m)- (7) 

Here, the topological charge density is Q{x) = ^ QiS{x — Zi) and L{rio, rjs) 
is the flavor singlet sector of the pseudoscalar meson lagrangian 

+ o o^K + o^^TT % + -IT ("^T - ^k) VoVs- (8) 



2 V3 3 V 3 

The meson lagrangian arises from bosonizing the fcrmionic interaction be- 
tween instantons. The pion decay constant /tt is determined by the solution 
of a saddle point equation, see Sect. IV. G. in the review article^^ for more 
details. The meson masses m„ and tuk satisfy Gell-Mann-Oakes-Renner 
relations. 

The partition function equ. (6) describes a system of charges interacting 
through the exchange of almost massless eta mesons. The physics of this 
system is very similar to that of a Coulomb gas. Wc expect, in particular, 
that topological charge gets screened and that the eta meson acquires a 
mass. We can show this explicitly by performing the sum in equ. (6) and 
expanding the resulting cosine function to second order in the fields. The 
topological charge correlator is given by 

{Q{x)Qm = (^^) {5\x) - [cos' {cP)D{m,^,x) 

+ sin2(0)£)(m^,a;)] }, (9) 
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Figure 2. The figure on the left shows the instanton induced quark interaction in Np = 
2 QCD at non-zero baryon density. Scattering on particle-hole qq~^ pairs leads to 
gauge field screening and suppresses large instantons. The figure on the right shows 
the instanton contribution to the vacuum energy at large baryon density. The squares 
denote insertions of the diquark condensates {ip4') a-nd {^"ip). 



where D{m,x) = mKi{mx)/ [Air'^x) is the euchdean space propagator of a 
scalar particle. The delta-function is the contribution from a single instan- 
ton, while the other terms are the contribution of the screening cloud. The 
•q and 77' mass satisfy the Witten-Veneziano relation 

fl {ml, + m% - 2ml) - 2Np (^y^ , (10) 

and (j) is the rj — rf mixing angle. The coefficient of the delta-function is 
the topological susceptibility in the pure gauge theory. The topological 
susceptibility in the full theory can be calculated using equ. (9). The result 
is 

where mf^p = m^, + m^ — 2ml. The result shows that the topological 
susceptibility vanishes if any of the quark masses m^ = md or rris is zero. 
This can be seen by using — for mu = md = and — 2ml for 
ms = 0. 



Xtop 



f-K 2 



3. Instantons and the Witten-Veneziano relation: Large 
baryon density 

The partition function described in the last section provides a simple and 
intuitive description of the r( prime mass and topological charge screen- 
ing. The problem is that the theory is based on the assumption that the 
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Figure 3. Flavor singlet pseudoscalar Goldstone boson mass in Nc = 2 QCD. The solid 
line marked by squares is the result of the instanton calculation. For comparison, the 
solid line marked by circles shows an estimate based on the assumption rnj,fp ^ a^, 
where a is the string tension. The overall scale of this curve is not known. We also show 
the energy gap 2A and the confinement scale. 

instanton liquid is dilute and weakly interacting. In this case the screening 
length I ^ ^^'^ is much larger than the typical distance between charges. 
In Nc = 3 QCD, however, the rj' is heavy and the screening length is very 
short. Instead of p < {N/V)'^/^ < m~,^ we have p - m;^/ < (TV/T/)^/'*. 

There is an interesting limit of QCD in which the dilute instanton liquid 
description can be rigorously justified. This is the case of QCD at large 
baryon density. It has long been known that large instantons are suppressed 
if the baryon density (or the temperature) is large. In the last few years it 
has also become clear that chiral symmetry remains broken at large baryon 
density^^. This implies that there is a flavor singlet Goldstone boson, and 
that in the limit niq —>■ the mass of this mode is due to the anomaly. 

In the following we shall discuss the case of two colors and flavors^^'^'^'^'*, 
but the results can be generalized to other values of Nc and Nf. At large 
baryon density the axial U{1) symmetry is broken by a diquark condensate 
(e"'^-0£-0^) = —{e"^tp'^tp^)- Here, a, (3 are spinor indices. The condensate 
is a color and flavor singlet. The U{1)a Goldstone mode corresponds to 
fluctuations of the relative phase of the left and right handed condensates. 
The effective lagrangian for the singlet Goldstone boson is 




L^fp[idocj,f-v'{d,cbf]-V{(b). 



(12) 
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The decay constant and Goldstone boson velocity arc not related to instan- 
tons and can be determined in perturbation theory. At leading order the 
result is^^ 

- {&) • - i 

where /i is the baryon chemical potential. The potential V{(l)) vanishes in 
perturbation theory but receives contributions from instantons, see Fig. 2. 
We find 

V{(t)) = -Apcos{cl) + e), (14) 

where 6 is the QCD theta angle. If the chemical potential is big, /U Aqcd, 
large instantons are suppressed and the coefficient Ap can be determined 
in perturbation theory. The result is^^'^'' 



Ap = C2,267r 



9 V27r2 



r,2 



A-2 (15) 



with 



0.466 exp(-1.679Afc)l-34^/ 
(iVe-l)!(7Ve-2)! 

At large fj, the superfluid gap A can also be determined in perturbation 
theory. The result is25.26,27,28 

^ 5127rV / 27r2 tt^ + 4\ 



Cn^,Nj = —J T\uirj — '~^\ • (16) 



Using equ. (13-17) we can determine the mass of the pseudoscalar Goldstone 
boson. We have 

ml = (18) 

Note that we have not used the large Nc limit in order to derive this Witten- 
Veneziano relation. The result is exact in the limit fi » Aqcd even if 
Nc = 2,3. Also note that Ap is the second derivative of the effective 
potential with respect to 6 at 6 + (p — and is equal to the density of 
instantons. The vacuum energy, however, is determined by minimizing V 
with respect to ^ and is independent of 6. This implies that Xtop is zero, 
as expected for QCD with masslcss fcrmions. 

Equ. (18) predicts the density dependence of the flavor singlet Gold- 
stone boson mass, see Fig. 3. This prediction can be tested using lattice 
simulations. We should note that formally, the prediction is only valid for 
fi » Aqcd but it is interesting to note that the result extrapolates to 
mp ~ 1 GeV at zero baryon density. 
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4. The Instanton liquid at large Nc 

In this section wc describe a study of the instanton ensemble in QCD for 
different numbers of colors^^. We consider the partition function of a system 
of instantons in pure gauge theory 

Ni+Na 



Z = 



NiINaI 



H j[dQin{pi)]exp{-Sir,t). (19) 



Here, ilj — {zj, pi, Uj) are the coUective coordinates of the instanton / and 
n{p) is the semi-classical instanton distribution function^*^ 



n{p) = Cn, 





2 TV,, 


r 87r2 1 




j p~^ exp 





(20) 



_ 0.466 exp(-1.679Ar,) 
- (Ar,-l)!(7V,-2)! ' 

= -Mog(pA), &=y^c. (22) 

We have denoted the classical instanton interaction by Smt- If the instan- 
ton ensemble is sufficiently dilute we can approximate the instanton inter- 
action as a sum of two-body terms, Sint = X^/j Sjj. For a well separated 
instanton-anti-instanton pair the interaction has the dipole structure^'^ 

Sint = -^^\uf{l-4cos'0). (23) 



''lA 

Here pi^A arc instanton radii and Ria is the instanton-anti-instanton sep- 
aration. The relative color orientation is characterized by a complex four- 
vector = ^tr(C//AT+), where Uja = UjU]^ depends on the rigid gauge 
transformations that describe the color orientation of the individual in- 
stanton and anti-instanton and t+ — (r, — i). We have also defined the 
relative color angle cos^ 9 = \u ■ /\u\^ . The dipole interaction is valid if 

-R/A > PiPA- 

A strongly overlapping instanton-anti-instanton pair is not a semi- 
classical field configuration and we do not know how to treat it correctly. 
In practice we have chosen to deal with this problem by including a short 
range repulsive core 

.„„.^HV(f). 

The precise form of the function f{x) is not very important. What is impor- 
tant for the Nc scaling is that the core is proportional to the classical action 
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Figure 4. The figure on the left shows the instanton size distribution obtained from 
numerical simulations of the instanton ensemble in pure gauge QCD for different numbers 
of colors. The figure on the right shows lattice results reported by Teper at this meeting. 
The Vc + o« symbols correspond to Nc = 2, 3, 4, 5. 



STT^/g^ and that it includes the factor jwp which ensures that instantons in 
commuting SU{2) subgroups of SU{Nc) do not interact. 

The partition function cqu. (19) is quite comphcated and in general 
has to be analyzed using numerical methods. Before we describe numerical 
results we present a variational bound. Diakonov and Petrov^^ proposed 
to approximate the partition sum in terms of a variational single instanton 
distribution /i(/3). For this ansatz the partition function reduces to 

Ni+Na . , 

Zi = ; r IT dQin(pi) = ■ :(VnQ)'^'+^^ (25) 

Ni\Na\ J Ni\NAr ^ ' ^ ' 

i 

where //q = J ^Pl^ip)- The exact partition function is 

Z = Zi(exp(-(5-^i))), (26) 

where S is the full action, Si — log{fi(p)) is the variational estimate and 
the average (.) is computed using the variational distribution function. The 
partition function satisfies the bound 

Z>Ziexp(-(5-5i)), (27) 

which follows from convexity. The optimal distribution function /z(p) is 
determined from a variational principle, {Slog Z)/{Sfi{p)) — 0, where Z 
is computed from equ. (27). One can show that the variational result for 
the free energy F = — log{Z)/V provides an upper bound on the true free 
energy. 
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Figure 5. Nc dependence of the instanton density, the topological susceptibility and 
the quark condensate from numerical simulations of the instanton liquid in pure gauge 
QCD. 



In order to compute the variational bound we have to determine the 
average interaction (5*1 ). In the original work"'^^ the authors used the in- 
stanton interaction in the sum ansatz. The result is 



{Sint) — 



871"^ 2 2 2 
—7 PiPj, 



27 

4 m - 1' 



(28) 



For the "dipole plus core" interaction the result has the same dependence 
on Nc but the numerical coefficient is different. Note that the interaction 
contains a factor Nc/{N^ — 1) ~ 1/Nc which reflects the probability that 
two random instantons overlap in color space. Since the classical action 
scales as Sq 1/5^ we find that the average interaction between any two 
instantons is 0(1). Applying the variational principle, one finds 



Kp) = nip) exp 



(29) 



where /? = /3(p) is the average instanton action and is the average size. 
We observe that the single instanton distribution is cut off at large sizes 
by the average instanton repulsion. The instanton density and average size 
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Figure 6. Nc dependence of the pion, the rho, and the eta prime mass from numerical 
simulations of the instanton liquid in pure gauge QCD. The dotted lines are fits to 
'nip const, m^, ~ 1/Nc and co + ci/Nc- 



are given by 



N 
V 



2\-i//2 



p2 = 



1/2 



6-4 



These results imply that 



(30) 
(31) 

(32) 



Note that the instanton action is 0{Nc) in the large Nc limit, i.e. instantons 
remain semi-classical. The total density is not exponentially suppressed 
because an exponentially large factor associated with different instanton 
embeddings cancels the exponential suppression from the action. Also note 
that the density scales like the number of commuting subgroups of SU {Nc) 
and the instanton packing fraction p*N/{VNc) is independent of Nc. 

Numerical results are shown in Figs. 4-6. Fig. 4 shows the instanton size 
distribution. We observe that small instantons are suppressed as Nc — » oo, 
but there is a critical size for which the number is independent of Nc and 
the total number scales as Nc- The results are consistent with the idea that 
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Figure 7. Correlation functions in the cr [qq] and ao {qr'^q) channel for different numbers 
of colors. The correlators are normalized to the free correlation functions and were 
calculated in a pure gauge instanton ensemble. The fact that the ao correlator becomes 
negative is an artefact of the quenched approximation which disappear as — > oo. 

the size distribution slowly approaches a delta function'^^^'^'^^'^^^'^'*. We also 
show lattice results reported by Teper at this meeting^. The lattice results 
are clearly consistent with our model calculation. 

Fig. 5 shows the instanton density, the chiral condensate and the topo- 
logical susceptibility. The instanton density and the chiral condensate scale 
as Nc- The topological susceptibility, on the other hand, goes to a con- 
stant as Nc — > oo. This means that Xtop does not satisfy the relations 
Xtop ^ i^/y) expected for a dilute gas of instantons. In Fig. 6 we show 
the masses of the pion, the rho meson, and the eta prime meson. The 
results are consistent with the expectation to^ ^ and m^, ~ 1/Nc- 

5. Application: Scalar mesons and the large limit 

We saw in the previous section that the instanton liquid is consistent with 
the standard large Nc scaling relations. What is maybe even more impor- 
tant is that instantons can be used to understand corrections to the leading 
order large Nc results. It is well known, for example, that the OZI rule does 
not work equally well in all channels. The OZI rule is very well satisfied 
in the vector channel; the mixing is close to ideal, and the rho and omega 
meson are almost degenerate. In the scalar and pseudoscalar channels, on 




X Ifm] 
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the other hand, the OZI rule is badly violated. The cigcnstatcs in the 
pseudoscalar sector are close to flavor, not mass, eigenstates and the mass 
difference between the pion and the eta prime meson is large. In the scalar 
sector we find a heavy iso- vector state, the ao, but a light iso-scalar, the 
(T-meson, which is strongly coupled to tttt states. 

Jaffe suggested that the unusual properties of the light scalar mesons 
could be explained by assuming a large {qq){qq) admixture^^'^^. He ob- 
served that the spectrum of the flavor nonet obtained by coupling two anti- 
triplet scalar diquarks is inverted as compared to a standard qq nonet, and 
contains a light isospin singlet, a strange doublet, and a heavy triplet plus 
singlet with hidden strangeness. This compares very favorably to the ob- 
served light sigma, the strange kappa, and the heavier ao(980) and /o(980). 
It also explains why the ao and /o are strongly coupled to KK and ttt]. 

Instantons are important because they can account for the observed 
pattern of OZI violating effects''^'''^. There are no direct instanton effects 
in the vector channel, and as a result OZI violation is small. In the scalar 
and pseudoscalar channels, on the other hand, instantons lead to strong 
flavor mixing. 

We have recently examined instanton contributions to scalar meson cor- 
relation functions in more detail'^^. For some earlier work on the subject 
we refer the reader to^''. Fig. 7 shows the correlation functions in the sigma 
(qq) and ao {qT°'q) channel. For Nc = 3 we find a light ^ 600 MeV sigma 
state and a heavy ~ 1 GeV ao meson. When the number of colors is in- 
creased the light sigma state disappears and for iVg = 6 the sigma mass 
is also in the 1 GeV range. We have also determined the off-diagonal 
sigma-pi-pi correlation function {{qq){0){q'y5T°'q)^{x)) . We find that for 
Nc = 3 the sigma is strongly coupled to two-pion states, but for Nc > 3 
the coupling becomes much smaller. These results are in agreement with a 
study based on chiral lagrangians^^. 

6. Supersymmetric gauge theories 

In Sect. 4 we argued that the large Nc scaling behavior of the instanton con- 
tribution to QCD correlation fimctions agrees with the scaling of perturba- 
tive Feynman diagram. This result was based on fairly general arguments, 
but it did involve one important assumption regarding the effective instan- 
ton interaction that cannot be rigorously justified at this time. In order 
to study this problem in more detail it useful to consider supersymmetric 
generalizations of QCD. 



February 2, 2008 1:45 Proceedings Trim Size: 9in x 6in 



trento'nc'rev 



14 



¥ ¥ 




Figure 8. Instanton contribution to the superpotential in SUSY gluodynamics with 
Nf = Nc — 1 quark flavors. The dots denote {2Nc — 4) pairs of quark tit and gluino A 
zero modes. 



There is a significant literature on instanton effects in supersymmetric 
gauge theories at large Nc- Instantons in the AdS/CFT correspondence 
{N = 4 SUSY gauge theory) were studied in a series of papers by Bianchi 
et al and Dorey et al^^^^^'^'*. The instanton contribution to the Seiberg- 
Witten superpotential in = 2 SUSY gauge theory was originally studied 
by Finnell and Pouliot^^ and later generalized to arbitrary Nc by Klemm 
et al^^ and Douglas and Shenker*^. 

In this contribution we would like to review some results that are rele- 
vant to SUSY gluodynamics (A^ = 1 SUSY gauge theory). This theory is 
interesting because it exhibits confinement and a fermion bilinear conden- 
sate. It was also recently argued that there is a new large Nc limit, called 
the orientifold large Nc expansion, which relates the quark condensate in 
Nf — 1 QCD to the gluino condensate in SUSY gluodynamics^^'^^. 

SUSY gluodynamics is defined by the lagrangian 
1 i 

where A is a Weyl fermion in the adjoint representation and a, [3 are spinor 
indices. The theory has a U (1)a symmetry A — > e*"^A which is broken by the 
anomaly. A discrete Z2Nc subgroup is non- anomalous. The Z2n^ symmetry 
is dynamically broken by the gluino condensate 



1 



(Tr[AA])=A^exp(^^). (34) 



167r2 

Here, fc = 0, 1, . . . , A^c — 1 labels the Nc different vacua of theory and A is 
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the scale parameter defined by 



,3_,,3 1 / Stt 



The instanton solution in SUSY gluodynamics has ANc bosonic zero 
modes (4 translations, 1 scale transformation and 47Vc — 5 rigid gauge ro- 
tations) and 2Nc fermion zero modes. Reviews of the SUSY instanton 
calculus can be found in^^'^^'^^. The collective coordinate measure is 

o3iV,+2_2iVe-2 A3JVe r 

%^_ ly,(^N^_2y. J d'zdp'ipr^'^-U^vdHd^^-'ud^^-'D, (36) 

where z denotes the instanton position and p is the instanton size. The 

Grassmann spinors rja and parameterize the so-called supcrsymmctric 
and superconformal zero modes, and the Grassmann numbers v, D param- 
eterize the supcrpartners of the rigid gauge rotations. 

There is no direct instanton contribution to the gluino condensate but 
the value of (AA) can be extracted from an indirect instanton calculation. 
The standard method consists of adding Nf = Nc — I quark flavors to the 
theory, and to consider the limit in which the squark fields have a large 
expectation value. In this case instantons are small and we can reliably 
compute their contribution to the superpotential. The result is^^'^^ 

det NAQfQf) 

where Qf,f = 1,. . . ,Nf are quark supcrfields, bo = 3Nc — Nf is the first 
coefficient of the beta function, and Ajy^^at^ is the scale parameter. Su- 
persymmetry guarantees that equ. (37) is correct even if the squark vev is 
not large. The extra quark fields can be decoupled by sending the vev to 
infinity. The result is 

W^}f = N^Al^^ (38) 

from which one can determine the gluino condensate equ. (34). 

In SUSY gluodynamics there is a direct instanton contribution to the 
(AA)^" correlation function. The result is independent of the relative coor- 
dinates and given by^'* 

^^(T.[AA]...T.[AA]) = (^^_^^;,(3;;;^_,) ^ (39) 

It is tempting to extract the gluino condensate from the A^c'th root of 
equ. (39). This is sometimes called the strong-coupling instanton (SCI) cal- 
culation, in contrast to the weak-coupling instanton (WCI) result equ. (34). 



Februciry 2, 2008 1:45 Proceedings Trim Size: 9in x 6in 



trento'nc'rev 



16 

The SCI result disagrees with the WCI by a factor that seales as Nc in the 
large Nc limit. It is not entirely clear why the SCI calculation fails, but 
the problem is likely related to the fact that the groundstate breaks a Z^^ 
symmetry. This implies that the theory has to be defined carefully in order 
to pick out a unique ground state. In the WCI calculation the ground state 
is implicitly selected through the decoupling procedure. 

As an alternative to the decoupling procedure one can define SUSY glu- 
odynamics by compactifying the theory on i?'^ x S^. Here, both fermions 
and bosons obey periodic boundary conditions and one can show that the 
gluino condensate is independent of the size of the compactified dimension. 
In the compactified theory the gauge symmetry is spontaneously broken 
by a non-zero expectation value of the gauge field A/^. The corresponding 
gauge invariant order parameter is the Polyakov line (the holonomy) along 
the compact dimension. Instantons with a non-trivial holonomy were con- 
structed by Kraan and van Baal^^. It turns out that these objects have 
constituent monopoles (dyons) with fractional topological charge 

^dyon — g2j<^ ' Qdyon — ■ (,4UJ 

Each of these dyons has a pair of gluino zero modes that contribute directly 
to the gluino condensate^^'^^ 

Y^(Tr[AA]),,„„ = i-A^. (41) 

Summing over the Nc constituent dyons one recovers the WCI result for 
the gluino condensate. This result supports the old idea that in the large 
Nc limit the relevant field configurations are not instantons but instantons 
constituents with fractional topological charge^^. These configurations are 
unsuppressed because they have action 5 ~ 0{1). 



7. Conclusions 

We have argued that it is possible for the instanton liquid model to have 
a smooth large Nc limit which is in agreement with scaling relations de- 
rived from Feynman diagrams. In this limit the density of instantons grows 
as Nc whereas the typical instanton size remains finite. Interactions be- 
tween instanton are important and suppress fluctuations of the topological 
charge. As a result the U{1)a anomaly is effectively restored even though 
the number of instantons grows with Nc- Using variational arguments and 
numerical simulations we have shown that this scenario does not require 
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fine tuning. It arises naturally if the instanton ensemble is stabilized by 
a classical repulsive core. In this case we obtain a picture in which the 
instanton density is large but the instanton liquid remains dilute because 
instantons are not strongly overlapping in color space. Further investiga- 
tions will have to show whether this scenario is indeed correct, but the 
lattice measurements of the instanton size distribution reported by Teper^ 
at this meeting are certainly encouraging. 

We also emphasized that instantons provide a simple explanation of the 
observed pattern of OZI rule violating effects. Violations of the OZI rule 
are large in channels like the scalar and pseudoscalar mesons that receive 
direct instanton contributions. Instantons may also play a role in explaining 
regularities in hadron spectra that go beyond the naive quark model, such 
as diquark clustering in mesons and exotic baryons. 

Finally we stressed that there are important lessons to be learned from 
generalizations of QCD. QCD at high baryon density provides a beautiful 
and rigorous realization of the instanton mechanism for generating the eta 
prime mass. Supersymmetric gluodynamics is an example for a theory 
in which instantons provide the essential non-perturbative input for the 
calculation of the fermion condensate. This calculation can now be linked, 
thanks to the orientifold large A^c limit, to the quark condensate in Nf = 1 
QCD. 
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